Introduction and Preliminaries
In this paper all rings are commutative. Recall that a ring R is said to be a p.p. ring if every principal ideal of R is a projective R−module.
(For the free module case see Proposition 2.1). It is well known that the annihilator of every finitely generated projective module is generated by an idempotent element. Using this, then a ring R is a p.p. ring if and only if for each f ∈ R, Ann(f ) is generated by an idempotent of R.
The p.f. ring notion is the natural generalization of p.p. ring notion. In fact, a ring R is said to be a p.f. ring if every principal ideal of R is a flat R−module. Every p.p. ring is a p.f. ring, because every projective module is flat. But there are p.f. rings which are not p.p. rings. For example C(X), the ring of real-valued continuous functions on X := βR + \ R + , is a p.f. ring which is not a p.p. ring, for the details see [2] .
It can be shown that every p.f. ring is a reduced ring. In fact, p.f. rings and reduced mp-rings are the same things, see e.g. [26, Theorem 6.10] , (remember that a ring R is said to be a mp-ring if each prime ideal of R contains a unique minimal prime ideal of R. This is equivalent to the statement that p + q = R for every distinct minimal prime ideals p and q of R). So it is natural to investigate similar notions for general rings (not necessarily reduced). Endo [10] and Hirano [15] generalized p.p. ring notion by defining that a ring R is said to be a generalized p.p. ring (or, GPP-ring) if for each f ∈ R there exists a natural number n ≥ 1 such that Rf n is R−projective. Motivated by the Hirano's work then in [3] , the generalized p.f. ring notion is also defined which states that a ring R is called a generalized p.f. ring (or, GPF-ring) if for each f ∈ R there exists some n ≥ 1 such that Rf n is a flat R−module. Every GPP-ring is a GPF-ring; for the converse see Theorems 2.16 and 3.6.
In this paper, we continue the studies of [1] - [29] . As an outcome, substantial progresses in the understanding the structure of p.p. rings and their generalizations have been made. More precisely, in Theorems 2.2, 2.4 and 2.8 new and interesting characterizations for p.p. rings are provided. The joint collaboration and interplay between concepts from commutative algebra and topology, is what makes the results and their proofs of this paper particularly interesting. Among many major results, Theorems 2.8 and 3.6 are the culmination of methods and results of this paper. The main result of [18, Theorem 1.2] was already proved by using the machinery commutative algebra. In partial of the present paper, we give a simple and elementary proof for this major result, see Theorem 2.4. In the same vein, we also prove that a ring R is a p.f. ring if and only if the polynomial ring R[x] is a p.f. ring, see Theorem 2.5. We have also made some improvements in the main results of [3] and [15] Let R be a ring. Then Z(R) = {f ∈ R : Ann(f ) = 0} is called the set of zero-divisors of R. The localization T (R) := S −1 R with S = R \ Z(R) is called the total ring of fractions of R. The nil-radical of a ring is either denoted by √ 0 or by N.
Recall that a ring is said to be a primary ring if its zero ideal is a primary ideal. For any non-zero ring R, then the sets R \ Z(R) and √ 0 are disjoint. It is easy to see that a ring R is a primary ring if and
A ring R is called an absolutely flat (or, von-Neumann regular) ring if each R−module is R−flat. It is well known that a ring R is an absolutely flat ring if and only if each f ∈ R can be written as f = f 2 g for some g ∈ R.
This paragraph is a key point in understanding some proofs of this paper. By a regular ideal of a ring R we mean an ideal of R which is generated by a set of idempotents of R. Let I be a regular ideal of a ring R. If f ∈ I then there exists an idempotent e ∈ I such that f = f e. In particular, let e ∈ R be an idempotent, if f ∈ Re then f = f e. Moreover, if e and e ′ are idempotents of a ring R such that Re and Re ′ are isomorphic as R−modules, then their annihilators are the same and so e = e ′ . Note that this does not hold in general. For example, Z ≃ 2Z but 1 = 2.
Let ϕ : A → B be a morphism of rings. We say that the idempotents of A can be lifted along ϕ if e ′ ∈ B is an idempotent, then there exists an idempotent e ∈ A such that ϕ(e) = e ′ . 2. p.p. rings and generalized p.p. rings 
] is an idempotent, then r 0 is an idempotent and r i = 0 for all i ≥ 1.
Proof. From f = f 2 we easily get that r 0 = r 2 0 . Let k ≥ 1 be the least natural number such that r k = 0. Then we will have f = r 0 + r k x k + ... and so 2r 0 r k = r k . This yields that 2r 0 r k = r 0 r k and so r 0 r k = 0. We also have r k (1 − r 0 ) = 0. Thus r k = 0.
In the following result, we give a new and elementary proof to the main result of [ 
we get that f 1 g 0 e 0 = 0 and so g 0 = g 0 e 0 e 1 . Then from f 2 g 0 + f 1 g 1 + f 0 g 2 = 0 we obtain that g 0 = g 0 e 0 e 1 e 2 . Thus by induction we will have g 0 = g 0 e. Therefore f 0 g 1 = 0 and so g 1 = g 1 e 0 and by induction we obtain that g 1 = g 1 e. Thus f 0 g 2 = 0 and by continuing this process we finally get that g k = g k e for all k = 0, ..., m. Hence, g = ge. . We have p + p ′ = R and so P + P ′ = S. Hence, S is a reduced mp-ring and so it is a p.f. ring. Conversely, if f ∈ R then it is easy to see that Ann R (f ) is a pure ideal.
We provide an alternative proof to the following result.
Proof. If f ∈ R then there exist a natural number n ≥ 1 and an idempotent e ∈ R such that Ann(f n ) = Re. Obviously J := Ann R/N (f + N) = Ann R/N (f n + N) since R/N is reduced. Thus it suffices to show that J = (Re + N)/N. Clearly (Re + N)/N ⊆ J. Conversely, take g + N ∈ J. We may write g = g 1 + g 2 with g 1 ∈ Re and g 2 ∈ R(1−e). Thus f n g = f n g 2 ∈ N and so g m 2 ∈ Ann(f nm ) = Ann(f n ) for some m ≥ 1. Therefore g m 2 = g m 2 e = g m−1
Let R be a ring. Then there exists a unique topology over Spec(R) such that the collection of V (f ) = {p ∈ Spec(R) : f ∈ p} with f ∈ R forms a subbase for its opens. It is called the flat topology. It is well known that the flat topology over Spec(R) is quasi-compact, see e.g. [25, Remark 3.5] .
Proof. For any ring R, Min(R) is homeomorphic to Min(R/N). By Theorem 2.6, R/N is a p.p. ring. Thus without loss of generality, we may assume that R is a p.p. ring. For any ring R, then it can be shown that Min(R) is Zariski Hausdorff and the induced Zariski topology over Min(R) is finer than the induced flat topology, see [27, Theorem 4.3 ]. 
Therefore g(1 − e) ∈ p∈Min(R) p = 0 and so g = ge. The following result shows that one can easily construct generalized p.p. rings from a given ring. 
Proof. If m is a maximal ideal of a ring R then R/m k is a GPPring for all k ≥ 0, because every element of R/m k is either invertible or nilpotent. It is also easy to see that the product of a finite family of rings is a GPP-ring if and only if each factor is a GPP-ring. Thus by the Chinese Remainder Theorem,
Corollary 2.10. If n ∈ Z then Z/nZ is a GPP-ring.
Proof. It immediately follows from Proposition 2.9. Proposition 2.11. Let R be a ring and f ∈ R. If Rf n is R−projective for some n ≥ 1, then Rf k as R−module is canonically isomorphic to Rf n for all k ≥ n.
Proof. It suffices to show that Ann(f k ) = Ann(f n ) for all k ≥ n. To see the latter it will be enough to show that Ann(f n ) = Ann(f n+1 ). There exists an idempotent e ∈ R such that Ann(f n ) = Re. If g ∈ Ann(f n+1 ) then f g = f ge. Thus f n g = f n−1 f g = 0 and so g ∈ Ann(f n ).
Recall that a ring R is called a π−regular ring if for every f ∈ R there exists a natural number n ≥ 1 such that f n = f 2n g for some g ∈ R. This definition generalizes the absolutely flat ring notion. Proposition 2.12. Every absolutely flat ring is a p.p. ring. Moreover, every π−regular ring is a GPP-ring.
Proof. If R is an absolutely flat ring then for each f ∈ R there exists some g ∈ R such that Ann(f ) = R(1 − f g) and f g is an idempotent. A similar argument as above works for π−regular rings. If Ann(f ) and Ann(g) are pure ideals, then Ann(f g) is a pure ideal.
Proof. If h ∈ Ann(f g) then there exists some f ′ ∈ Ann(f ) such that (1 − f ′ )gh = 0. Thus there exists some g ′ ∈ Ann(g) such that Proof. (i) ⇒ (ii), (iii) : If f ∈ R then by the hypothesis, there exist a natural number n ≥ 1 and an idempotent e ∈ R such that Ann(f n ) = Re. Thus by Theorem 2.13, R is quasi π−regular. Let x = f /s ∈ S −1 R be an idempotent where S is a multiplicative subset of R. The R−module Rf n is canonically isomorphic to Re ′ where e ′ := 1 − e. Thus the ideal (x) = (f n /1) as S −1 R−module is canonically isomorphic to the ideal (e ′ /1). Hence, their annihilators are the same. Therefore (1 − x) = (e/1) and so x = (1 − e)/1. (ii) ⇒ (i) : If f ∈ R then by Theorem 2.13, Ann(f n ) = Ann(f n+1 ) for some n ≥ 1, and there exists some h ∈ Ann(f n ) such that Ann(f n ) ∩ Ann(h) = 0. First we show that Ann(f n ) is a pure ideal. By the hypothesis, there exists a natural number k ≥ 1 such that Ann(f k ) is a pure ideal. If k ≥ n then Ann(f n ) = Ann(f k ). If k < n then n ≤ kd for some natural number d ≥ 2. So by Lemma 2.14, Ann(f kd ) = Ann(f n ) is a pure ideal. Thus there exists some g ∈ Ann(f n ) such that 1 − g ∈ Ann(h). Then g(1−g) ∈ Ann(f n )∩Ann(h) = 0. So g is an idempotent. If g ′ ∈ Ann(f n ) then g ′ (1 − g) ∈ Ann(f n ) ∩ Ann(h) = 0. Therefore Ann(f n ) = Rg. (iii) ⇒ (iv) : There is nothing to prove. (iv) ⇒ (i) : If f ∈ R then there exist a natural number n ≥ 1 and some x = g/s ∈ T (R) such that f /1 = (f n /1)x. Clearly e ′ := (f n /1)x is an idempotent and Ann T (R) (f n /1) = (1 − e ′ ). By the hypothesis, there is an idempotent e ∈ R such that e/1 = 1 − e ′ . It follows that Ann(f n ) = Re. Proposition 2.17. Let R be a GPP-ring. If I is a pure ideal of R, then R/I is a GPP-ring.
Proof. If f ∈ R then there exists an idempotent e ∈ R such that Ann(f n ) = Re for some n ≥ 1. We show that Ann R/I (f n + I) = (Re + I)/I. If g + I ∈ Ann R/I (f n + I) then there exists some h ∈ I such that (1 − h)(1 − e)g = 0. Thus g ∈ Re + I.
Generalized p.f. rings
Let R be either a local ring or an integral domain. Then clearly the zero ideal and the whole ring are the only pure ideals of R. Proof. If f ∈ R then Ann(f n ) is a pure ideal for some n ≥ 1. Thus Ann(f n ) = 0 or Ann(f n ) = R. Hence, f ∈ R \ Z(R) ∪ √ 0. Therefore R is a primary ring.
The converse of Lemma 3.1 holds trivially for any ring.
Motivated by [26, Theorem 6.10], then we obtain the following result. Ann(f n ) + Ann(g n ) is a proper ideal of R. Thus there exists a prime ideal p of R such that I ⊆ p. In R p we have (f /1)(g/1) = 0 and f /1 = 0 since Ann(f ) ⊆ p. So by the hypothesis, there exist a natural number k ≥ 1 and some s ∈ R \ p such that s ∈ Ann(g k ) ⊆ p. But this is a contradiction and we win.
Note that if R is a reduced ring then for each f ∈ R, Ann(f ) = Ann(f n ) for all n ≥ 1. Hence, p.f. rings and reduced GPF-rings are the same. This easy argument proves [3, Theorem 1.9]. The ring Z/4Z is a GPF-ring which is not a p.f. ring, since it is not reduced (as another reason, Ann(2) = {0, 2} is not a pure ideal). Proof. Let R be a GPF-ring. Let p and q be distinct minimal prime ideals of R. We have 0 ∈ (R \ p)(R \ q). Thus there are f ∈ R \ p and g ∈ R \ q such that f g = 0. By the hypothesis, Ann(f n ) is a pure ideal for some n ≥ 1. Thus there exists some h ∈ Ann(f n ) such that (1 − h)g = 0. It follows that h ∈ p and 1 − h ∈ q. Hence, p + q = R. The following technical result is the culmination of this paper. Proof. If R is a GPP-ring then by Theorem 2.7, Min(R) is Zariski compact. Conversely, if f ∈ R then there exists a natural number n ≥ 1 such that Ann(f n ) is a pure ideal. By Theorem 3.3, R is a mp-ring. Thus by Corollary 3.5, R/N is a p.p. ring. So there exists an idempotent g + N ∈ R/N such that Ann R/N (f + N) = (g + N). Hence, there exists a natural number k ≥ 1 such that f k g k = 0. We may find a natural number ℓ ≥ 1 such that m := nℓ ≥ k. By Lemma 2.14, Ann(f m ) is a pure ideal. There exists an idempotent e ∈ R such that e − g ∈ N, since it is well known that the idempotents of a ring can be lifted modulo its nil-radical. Thus e = rg for some r ∈ R. We provide an alternative proof to the following result which is the analogue of Proposition 2.17. Proof. If f ∈ R then Ann(f n ) is a pure ideal for some n ≥ 1.
Thus Ann(f n ) + I /I is a pure ideal, since the extension of a pure ideal under any ring map is a pure ideal. It suffices to show that Ann R/I (f n +I) = Ann(f n )+I /I. If g+I ∈ Ann R/I (f n +I) then there exists some h ∈ I such that f n g(1 − h) = 0. Thus g = g(1 − h) + gh ∈ Ann(f n ) + I. Ultra-rings are quite interesting and have vast applications in diverse fields of mathematics, see e.g. [4] , [8] , [9] , [11] and [23] . Our approach generalizes and simplifies this construction in the literature. Proof. If f ∈ I * then consider the sequence g = (g x ) ∈ R where each g x is either 1 or 0, according as x ∈ S(f ) or x / ∈ S(f ). Then clearly f = f g and S(g) ⊆ S(f ) ∈ I and so g ∈ I * . Lemma 3.9. If each R x is a reduced ring, then R/I * is a reduced ring.
Proof. It is easy to see that S(f ) = S(f n ) for all f ∈ R and n ≥ 2. It is easy to see that p.p. rings, p.f. rings, GPP-rings and GPF-rings are stable under taking localizations.
Corollary 3.11. The product of a finite family of rings is a GPF-ring if and only if each factor is a GPF-ring.
Proof. It is deduced from Lemma 2.14.
The following result is the modified version of [3, Theorem 1.8], it also contains a new proof for the reverse implication. (ii) ⇒ (i) : We prove that I = Rf n is R−flat. It suffices to show that I m = (f n /1) is R m −flat, since flatness is a local property. To see the latter it will be enough to show that J := Ann Rm (f n /1) is a pure ideal. If f n /1 = 0 then J = R m . If f /1 is a non zero-divisor, then f n /1 is also a non zero-divisor and so J = 0.
We call a ring R an admissible ring if for each f ∈ R, then the set 
Fluffy rings
There is still another very natural and interesting generalization of p.p. ring notion which is called almost p.p. ring. In fact, a ring R is said to be an almost p.p. ring if for each f ∈ R, then Ann(f ) is a regular ideal. Obviously every p.p. ring is an almost p.p. ring, but C(βN \ N) is an example of almost p.p. ring which is not a p.p. ring, for the details see [2] .
We call a ring R a purified ring if for every distinct minimal prime ideals p and q of R, then there exists an idempotent e ∈ p such that 1 − e ∈ q. We have then the following non-trivial result. Proof. If R is a purified ring then R/N is a reduced purified ring. By [26, Corollary 8.11] , "almost p.p. ring" and "reduced purified ring" are the same things. Conversely, if R/N is an almost p.p. ring then by [26, Theorem 8.6] , R is a purified ring.
In [26, Theorem 8.8] we present various characterizations for reduced purified rings.
We generalize the notion of almost p.p. ring by defining that a ring R is said to be a flyffy ring if for each f ∈ R there exists a natural number n ≥ 1 such that Ann(f n ) is a regular ideal. This definition generalizes at once both "GPP-ring" and "almost p.p. ring" notions. Proof. If p and q are distinct minimal prime ideals of R then there exist f ∈ R \ p and g ∈ R \ q such that f g = 0. By the hypothesis, there exists a natural number n ≥ 1 such that Ann(f n ) is generated by a set of idempotents of R. Thus there is an idempotent e ∈ Ann(f n ) such that g = ge. It follows that e ∈ p and 1 − e ∈ q. Let I be a pure ideal of R. If f ∈ I then there exists some g ∈ I such that f (1−g) = 0. By the hypothesis, there exists an idempotent e ∈ R such that f = f e and e(1 − g) n = 0 for some n ≥ 1. It follows that e ∈ I. Remark 4.3. We close this paper by proposing three challenging problems which are open to us. Firstly, is every commutative ring admissible? As a second problem, it seems to us that every mp-ring is a GPF-ring (the converse of Theorem 3.3); or at least, does the converse of Theorem 2.6 hold? That is, if R/N is a p.p. ring then can be said that R is a GPP-ring? If this holds then for a given ring R the following statements will be equivalent. . Now if the converse of Theorem 2.6 holds, then R[x] will be a GPP-ring. Also note that, during investigating the converse of Theorem 2.6, we observed that if R/N is a p.p. ring then for each f ∈ R there exist a natural number n ≥ 1 and an idempotent e ∈ R such that Re ⊆ Ann(f n ) ⊆ √ Re. So if R has the additional property that each principal regular ideal is a radical ideal, then clearly R is a GPPring. It should be noted that, for example in the ring R = Z/12Z, the principal regular ideal Re with e = 4 is not radical, since 2 ∈ √ Re\Re. Finally, if the converse of Theorem 3.3 holds, then the converse of Theorem 4.2 also will be hold.
